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GEOMETRIC REALIZATIONS OF
CYCLIC ACTIONS ON SURFACES - II
ATREYEE BHATTACHARYA, SHIV PARSAD, AND KASHYAP RAJEEVSARATHY
Abstract. Let Mod(Sg) denote the mapping class group of the closed ori-
entable surface Sg of genus g ≥ 2. Given a finite subgroup H ≤ Mod(Sg),
let Fix(H) denote the set of fixed points induced by the action of H on the
Teichmu¨ller space Teich(Sg). The Nielsen realization problem, which was an-
swered in the affirmative by S. Kerckhoff, asks whether Fix(H) 6= ∅, for any
given H. In this paper, we give an explicit description of Fix(H), when H
is cyclic. As consequences of our main result, we provide alternative proofs
for two well known results, namely a result of Harvey on dim(Fix(H)), and
a result of Gilman that characterizes irreducible finite order actions. Finally,
we derive a correlation between the orders of irreducible cyclic actions and the
filling systems on surfaces.
1. Introduction
Let Sg be a closed orientable surface of genus g ≥ 2 and, let Mod(Sg) denote
the mapping class group of Sg. Given a finite subgroup H ≤ Mod(Sg), let Fix(H)
denote the set of fixed points induced by the natural action of H on the Teichmu¨ller
space Teich(Sg). The Nielsen realization problem asks whether Fix(H) 6= ∅, for an
arbitrary finite subgroup H ≤ Mod(Sg). While this was proven for the cyclic case
by J. Nielsen [21] (the first complete proof was due to W. Fenchel [7, 8]), a gen-
eral solution to the problem was asserted by S. Kerckhoff [15]. A natural question
that remained was whether one can obtain an exact description of Fix(H). Re-
cently, in [22], a method to construct an explicit structure in Fix(H) was deveoped.
Extending the results in [22], in this paper, we obtain a comprehensive descrip-
tion of all structures in Fix(H), thereby giving a complete solution to the modular
Nielsen Realization problem for the case when H is an arbitrary cyclic subgroup of
Mod(Sg).
For g ≥ 1, let H = 〈h〉 be a cyclic subgroup of Mod(Sg) of order n that acts
on Sg yielding a quotient orbifold [25, Chapter 16] Oh := Sg/H of genus g0(h).
Following the nomenclature in [22], if Oh has three cone points with at least one
cone point of order n, then h is called a Type 1 action. In [22], it was shown that for
g ≥ 2, a Type 1 action h ∈Mod(Sg) with g0(h) = 0, which we call a spherical Type
1 action (this is a special type of quasiplatonic [1] cyclic action), is realized as the
rotation by an angle θh of a distinguished hyperbolic polygon Ph (see Lemma 2.4
for a description) with an appropriate side-pairing. While it is known that such
actions are irreducible (i.e. their generators are irreducible as mapping classes),
we independently establish this fact by showing that this hyperbolic structure is
unique (see Proposition 4.1). Furthermore, we extend the main result of [22] by
giving a precise description of how an arbitrary cyclic action h decomposes into
spherical Type 1 actions, sphere-rotations, and permutations. On the other hand,
we show that the action h can also be built inductively through finitely many r-
compatibilities between pairs of such irreducible components. By an r-compatibility,
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we mean the identification of boundary components resulting from the deletion of
cyclically permuted disks around pairs of orbits of size r with the same local rotation
angles induced by the action. This notion also includes the compatibility across a
pair of orbits induced by a cyclic action within the same surface, which we call a
self r-compatibility. The last kind of compatibility is an n-compatibility which is
realized by pasting a cyclical permutation of n copies of the torus S1 to the action
h. We will call this a toral addition, and the reverse process of removing such
a permutation component will be called a toral subtraction. (For more technical
details, see Section 2.) It is convenient to visualize an action h realized through
finitely many of these compatibilities as a necklace with beads (see Section 3),
where the beads represent the irreducible components, and two distinct beads are
connected with r strings, if there is an r-compatibility between the corresponding
actions. This enables us to determine the size of a maximal reduction system
associated with certain reducible actions (see Corollary 3.9). Using these ideas, we
establish our main result in Section 5, which describes the space of solutions to the
modular Nielsen Realization Problem.
Theorem 1 (Main Result). Let H = 〈h〉 be an arbitrary cyclic action of order
n on Sg. Suppose that h is realized through putting together k spherical Type 1
actions with a′ pairwise r-compatibilities with r < n, k− a′ − 1 n-compatibilities, b
self r-compatibilities with r < n, c toral additions, and d toral subtractions. Then
Fix(H) ≈M1/M2, where
M1 ≈
k∏
i=1
{[Phi ]} ×


3k+c−2a′+b−4∏
j=1
((0, ℓj1(h)]× R)

× R2c−1+ × R2c−1 and
M2 ≈
 d∏
j=1
((0, ℓj2(h)]× R
× R2d−1+ × R2d−1,
where the ℓj1(h) and ℓj2(h) are positive constants determined by h (with the under-
standing that when c (resp. d) is zero, then the last two factors in M1 (resp. M2)
will disappear).
As applications of our main theorem, we provide alternative proofs for the fol-
lowing well known results due to Harvey [12, 17] and Gilman [10].
Corollary 1. Let H = 〈h〉 be a cyclic action of order n on Sg such that Oh has c
cone points. Then:
(i) (Harvey) dim(Fix(H)) = 6g0(h) + 2c− 6, and
(ii) (Gilman) h is irreducible if, and only if g0(h) = 0 and c = 3 (or h is quasi-
platonic).
Moreover, for any maximal reduction system C for a reducible action h, we show
that the difference between the number of distinct orbits induced by h on C and
Sg \ C depends solely on g0(h).
Corollary 2. Let C be a maximal reduction system for a reducible action h of order
n on Sg that induces r cone points on the quotient orbifold. Suppose that ℓ and k
are the number of distinct orbits induced by h on C and Sg \ C, respectively. Then
ℓ = 3g0(h)− 3 + r and k = 2g0(h)− 2 + r.
Finally, in Section 6, we draw an interesting parallel between irreducible cyclic
actions on surfaces and filling systems on surfaces by appealing to the theory of
fat graphs [13, 16, 19]. It is well known [24] that a filling system C on Sg with
|Sg \ C| = b corresponds to a 4-regular fat graph ΓC of genus g with b boundary
components. Moreover, it was shown in [22] that an automorphism ϕ of a fat graph
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of genus g yields a cyclic action hϕ on Sg. This brings us to the final result in the
paper.
Theorem 2. Let C be a filling of Sg, for g ≥ 1, and let ϕ ∈ Aut(ΓC) be of order n.
Then hϕ ∈ Mod(Sg) is irreducible if, and only if, (g, n) = (1, 4).
2. Preliminaries
A Cn-action D on Sg induces a branched covering Sg → Sg/Cn, where the
quotient orbifold OD := Sg/Cn has signature (g0; n1, . . . , nℓ) (see [6, 25]). From
orbifold covering space theory, we obtain an exact sequence
1→ π1(Sg)→ π
orb
1 (OD)
ρ
→ Cn → 1,
where πorb1 (OD) is a Fuchsian group [14] given by the presentation
〈α1, . . . , αℓ, x1, y1, . . . , xg0 , yg0 |α
n1
1 = · · · = α
nl
ℓ = 1,
ℓ∏
i=1
αi =
g0∏
j=1
[xj , yj ] 〉.
The epimorphism πorb1 (OD)
ρ
−→ Cn is called the surface kernel map [11], and has the
form ρ(αi) = t
(n/ni)ci , for 1 ≤ i ≤ ℓ, where Cn = 〈t〉 and gcd(ci, ni) = 1. The map
ρ is often described by a (g0; n1, . . . , nℓ)-generating vector [3, 9]. From a geometric
viewpoint, a cone point of order ni lifts to an orbit of size n/ni on Sg, and the
local rotation induced by D around the points in the orbit is given by 2πc−1i /ni,
where cic
−1
i ≡ 1 (mod ni). (For more details on the theory of finite group actions
on surfaces, we refer the reader to [2, 4, 26].)
Putting together the notions of orbifold signature and the generating vector, we
can obtain a combinatorial encoding of the conjugacy class of a cyclic action.
Definition 2.1. A data set of degree n is a tuple
D = (n, g0, r; (c1, n1), (c2, n2), . . . , (cℓ, nℓ)),
where n ≥ 1, g0 ≥ 0, and 0 ≤ r ≤ n− 1 are integers, and each ci is a residue class
modulo ni such that:
(i) r > 0 if, and only if ℓ = 0, and when r > 0, we have gcd(r, n) = 1,
(ii) each ni | n,
(iii) for each i, gcd(ci, ni) = 1,
(iv) for each i, lcm(n1, . . . n̂i, . . . , nℓ) = lcm(n1, . . . , nℓ), and lcm(n1, . . . , nℓ) = n,
if g0 = 0, and
(v)
ℓ∑
j=1
n
nj
cj ≡ 0 (mod n).
The number g determined by the Riemann-Hurwitz equation
2− 2g
n
= 2− 2g0 +
ℓ∑
j=1
(
1
nj
− 1
)
is called the genus of the data set, which we shall denote by g(D). Given a data
set D as above, we define
n(D) := n, g(D) := g, r(D) = r, and g0(D) := g0.
The quantity r(D) associated with a data set D will be non-zero if, and only if, D
represents a free rotation of Sg(D) by 2πr(D)/n.
The following lemma is a consequence of the classical results in [11, 20]. (For more
details, see [5, 18, 23].)
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Lemma 2.2. Data sets of degree n and genus g correspond to conjugacy classes of
Cn-actions on Sg.
From here on, in addition to following the nomencalture of data sets, we will appeal
to the theory developed in [22]. To begin with, we classify Cn-actions on Sg into
three broad categories.
Definition 2.3. Let D be a Cn-action on Sg. Then D is said to be a:
(i) rotational action, if either r(D) 6= 0, or D is of the form
(n, g0; (s, n), (n− s, n), . . . , (s, n), (n− s, n)︸ ︷︷ ︸
k pairs
),
for integers k ≥ 1 and 0 < s ≤ n − 1 with gcd(s, n) = 1, and k = 1, if and
only if n > 2.
(ii) Type 1 action, if ℓ = 3, and ni = n for some i.
(iii) Type 2 action, if D is neither a rotational nor a Type 1 action.
If g0(D) = 0, then we call D a spherical action. The following lemma gives a
geometric realization of spherical Type 1 actions.
Lemma 2.4. For g ≥ 2, a spherical Type 1 action D on Sg can be realized explicitly
as the rotation θD of a hyperbolic polygon PD with a suitable side-pairing W (PD),
where PD is a hyperbolic k(D)-gon with
k(D) :=
{
2n, if n1, n2 6= 2, and
n, otherwise,
and for 0 ≤ m ≤ n− 1,
W (PD) =

n∏
i=1
a2i−1a2i with a
−1
2m+1 ∼ a2z, if k(D) = 2n, and
n∏
i=1
ai with a
−1
m+1 ∼ az, otherwise,
where z ≡ m+ qj (mod n), q = (n/n2)c
−1, and j = n2 − c2.
Definition 2.5. Let D = (n, g0; (c1, n1), (c2, n2), . . . , (cℓ, nℓ)) be a Cn-action on
Sg. For a given g
′ ≥ 1, one can obtain a new action from D by removing cyclically
permuted (mutually disjoint) disks around points in an orbit of size n, and then
attaching n copies of the surface Sg′,1 along the resultant boundary components.
The resultant action, which is uniquely determined up to conjugacy, is denoted by
JD, g′ K, where
JD, g′ K := (n, g0 + g
′; (c1, n1), (c2, n2), . . . , (cℓ, nℓ)).
Given an action of type JD, g′ K for some g′ ≥ 1, one can reverse the construction
process described above to recover the action D. We denote this reversal process
by JD, g′ K (i.e. JD, g′ K = D).
It is easy to see that a construction of type JD, g′ K and JD, g′ K for some g′ > 0,
can be realized by g′ inductively performed constructions of type JD, 1 K (or toral
additions) and JD, 1 K (or toral subtractions), respectively. We will now describe a
construction of a new Cn-action from a pair of existing Cn-actions across a pair of
compatible orbits of size m, where m is a proper divisor of n.
Definition 2.6. For i = 1, 2, two actions
Di = (n, gi,0; (ci,1, ni,1), (ci,2, ni,2), . . . , (ci,ℓi , ni,ℓi))
are said to form an (r, s)-compatible pair D = LD1, D2, (r, s) M if there exists 1 ≤
r ≤ ℓ1 and 1 ≤ s ≤ ℓ2 such that
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(i) n1,r = n2,s = m, and
(ii) c1,r + c2,s ≡ 0 (mod m).
The number 1 + g(D)− g(D1)− g(D2) will be denoted by A(D).
The following lemma provides a combinatorial recipe for constructing a new action
from an (r, s)-compatible pair of existing actions.
Lemma 2.7. Given a pair of cyclic actions as in Definition 2.6, we have
LD1, D2, (r, s) M = (n, g1,0 + g2,0; (c1,1, n1,1), . . . , ̂(c1,r, n1,r), . . . , (c1,ℓ1 , n1,ℓ1),−
(c2,1, n2,1), . . . , ̂(c2,s, n2,s), . . . , (c2,ℓ2 , n2,ℓ2)),
where A LD1, D2, (r, s) M =
n
n1,r
.
It is always possible to construct a new Cn action from a pair of Cn actions Di as
in Definition 2.6 across a pair of orbits of size n.
Definition 2.8. Given actions Di as in Definition 2.6, we define
LD1, D2 M := (n, g1,0 + g2,0; (c1,1, n1,1), . . . , (c1,ℓ1 , n1,ℓ1),−
(c2,1, n2,1), . . . , (c2,ℓ2 , n2,ℓ2)),
where g(LD1, D2 M) = g(D1) + g(D2) + n− 1 and A LD1, D2 M := n− 1.
A pair of compatible orbits of the same action on a surface can also be identified
to build a new action.
Definition 2.9. For ℓ ≥ 4, let D = (n, g0; (c1, n1), (c2, n2), . . . , (cℓ, nℓ)), be a Cn-
action. Then D is said yield an (r, s)-self compatible action D′ = JD, (r, s) K, if
there exist 1 ≤ r < s ≤ ℓ such that
(i) nr = ns = m, and
(ii) cr + cs ≡ 0 (mod m).
The number g(D′)− g(D) will be denoted by A(D′).
The following result gives an explicit realization of the (r, s)-self compatible action
yielded by an action D as above.
Lemma 2.10. Let D be an (r, s)-self compatible Cn-action as in Definition 2.9.
Then we have
JD, (r, s) K = (n, g0 + 1; (c1, n1), . . . , ̂(cr, nr), . . . , ̂(cr, ns), . . . , (cℓ, nℓ)),
where g(JD, (r, s) K) = g(D) + n/nr.
Finally, we state the main topological result of [22], which will be used extensively
in this paper.
Lemma 2.11. For g ≥ 2, a Type 2 action on Sg can be constructed from finitely
many compatibilities of the following types between spherical Type 1 actions:
(i) JD, (r, s) K,
(ii) JD, g′ K, JD, g′ K,
(iii) LD1, D2, (r, s) M, and
(iv) LD1, D2 M.
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3. Decomposing cyclic actions into irreducibles
In this section, we generalize Lemma 2.11 to obtain a topological description of
the decomposition of an arbitrary cyclic action into irreducible components. We
show that this decomposition can be visualized as a “necklace with beads”, where
the beads are the irreducible components, and strings that connect a pair of beads
symbolize the compatibility between them. We will now present an example that
captures this idea.
Example 3.1. Consider the spherical Type 1 actionsD1 = (42, 0; (2, 21), (19, 42), (19, 42)),
D2 = (42, 0; (5, 6), (13, 21), (23, 42)), D3 = (42, 0; (1, 14), (8, 21), (23, 42)), D4 =
(42, 0; (1, 6), (11, 21), (13, 42)), D5 = (42, 0; (13, 14), (10, 21), (25, 42)), and D6 =
(42, 0; (19, 21), (17, 42), (29, 42)). The compatibilities LD1, D2, (3, 3) M, LD2, D3, (2, 2) M,
LD3, D4 M, LD4, D5, (2, 2) M, and LD5, D6, (3, 2) M, together realize the action
D
′ = (42, 0; (2, 21), (19, 42), (5, 6), (23, 42), (1, 14), (1, 6), (13, 42), (13, 14), (19, 21), (29, 42))
on S155. A visual interpretation of this realization is shown in Figure 1 below,
where the number of lines connecting Di to Dj are the sizes of the compatible
orbits. (Note that the number 42 refers to the number of lines connecting D3 to
D4.)
D1 D2 D3
42
D4 D5 D6
Figure 1. A visualization of the action D′.
Remark 3.2. While we realize new actions from successive compatibilities across
actions (represented by data sets), for simplicity, we assume from here on that
the original indexing of the pairs (that correspond to cone points) in the data sets
remains unaltered.
Fixing the notation, JD, 0 K := D, JD, 0 K := D, and LD1, D2, (0, 0) M := LD1, D2 M,
we formalize this idea in the following definition.
Definition 3.3. For 1 ≤ i ≤ k, let Di be a collection of irreducible Type 1 actions
of order n on Sgi .
(i) The Di are said to form a linear k-chain T = (D1, . . . , Dk) if for 1 ≤ i ≤ k−1,
there exists non-negative integers ri and si such that actions given by
D′1 = LD1, D2, (r1, s1) M, and D
′
j = LD
′
j , Dj+1, (rj , sj) M, for 2 ≤ j ≤ k − 1,
are well defined.
(ii) If in addition to (i), there exist positive integers rk and sk such that D
′
k =
LD′k−1, D
′
1, (rk, sk) M is also well-defined, then T is said to be a closed linear
k-chain.
Given a k-chain T as above, we define C(T ) = {(r1, s1), . . . , (rk−1, sk−1)}, f(T ) :=
|{j : (rj , sj) = (0, 0)}|, AT := A(D′k), if T is closed, and
DT :=
{
D′k, if T is closed
D′k−1, otherwise.
It is implicit in Definition 3.3 that for 1 ≤ i < j ≤ k, the tuple (Di, Di+1, . . . , Dj)
forms a linear (j − i+ 1)-chain. In Example 3.1 above, (Di, Di+1, . . . , Dj), for 1 ≤
i < j ≤ 6 form linear chains. In particular, for the linear chain T = (D1, . . . , D6),
we have C(T ) = ((3, 3), (2, 2), (0, 0), (2, 2), (3, 2)).
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Example 3.4. In Example 3.1, we can simultaneously add the self compatibilities
JD′, (1, 9) K, JD′, (2, 4) K, JD′, (5, 8) K, and JD′, (7, 10) K to realize the C42-action on
S162 given by D
′′ = (42, 4; (5, 6), (1, 6)). An illustration of this realization is given
in Figure 2 below.
D1 D2 D3
42
D4 D5 D6
Figure 2. A visualization of the action D′′.
Furthermore, we perform 3 successive toral subtractions to obtain a realization of
the action D = (42, 1; (5, 6), (1, 6)) on S36.
This leads us to the following definition.
Definition 3.5. For 1 ≤ i ≤ k, let Di be a collection of spherical Type 1 actions
of order n on Sgi . Then the Di are said to form a necklace with k beads
N := ((D1, . . . , Dk); ((x1, y1), . . . , (xm, ym)); (g
′, g′′)),
where g′ ≥ 0, and 0 ≤ g′′ ≤ g′ +m are integers such that:
(i) When k = 1, D1 is either a Type 1 action or the action D1 = (n, 0; (k, n), (n−
k, n)) (i.e. a rotation of S0 by 2πk/n.)
(ii) When k ≥ 2:
(a) each Di is a irreducible Type 1 action on Sgi ,
(b) the tuple DTN := (D1, . . . , Dk) defines a linear k-chain,
(c) if m > 1, then 0 < r′j , s
′
j ≤ [(k + 2 + f(DTN )/2], and for 1 ≤ j ≤ m, the
pairs (r′j , s
′
j) are coordinate wise distinct with
D1T = LDTN , (r
′
1, s
′
1) M and D
j
T = LD
j−1
T , (r
′
j , s
′
j) M, for 2 ≤ j ≤ m,
being well-defined.
(d) for 1 ≤ i < j ≤ m, denoting Ti,j = (Di, Di+1, . . . , Dj), we require Txj,yj
to be a closed linear chain for 1 ≤ j ≤ m such that ATxj,yj = A(D
j
T ).
(iii) Both D′N := JD
m−1
T , g
′ K and
DN := JD′N , g
′′ K
are well defined actions.
It follows by definition that if we replace the (g′, g′′) with a pair (g′ + p, g′′ + p),
where p is a natural number, then the necklace remains unchanged. So for the case
when g′ = g′′, we simply omit the pair (g′, g′′). Moreover, we allow m = 0 in a
necklace N , in which case, we simply write N := (TN ; (g′, g′′)).
Example 3.6. Going back to Example 3.4, we see that the action D is realized as
a necklace with 6 beads
N = ((D1, . . . , D6); ((1, 9), (2, 4), (5, 8), (7, 10)); (0, 3)).
It is interesting to note that the subnecklaces ((D1, D2, D3); ((1, 3)); (0, 1)) and
((D4, D5, D6); ((4, 6)); (0, 1)) are spherical Type 2 actions.
We will now show that an arbitrary cyclic action can be realized as a necklace, as
described in Definition 3.5.
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Proposition 3.7. Given an arbitrary cyclic action D of order n on Sg, there exists
a necklace N with k beads, for some k ≥ 0, such that DN = D.
Proof. If D is a Type 1 action, then we can see that DN = D, for
N = ((JD, g0(D) K); ; (g0(D), 0)).Moreover, it follows from an inductive application
of Lemma 2.11 that the result holds true for an arbitrary Type 2 action D.
It remains to show that there is a necklace that realizes every rotational action.
But this follows from the fact that a free D = (n, g0 + 1, r; ) is realized by N =
((JD′, (1, 2) K); ; (g0, 0)), whereD
′ = (n, 0; (r, n), (n−r, n)) is a rotation of the sphere
by 2πr/n. Finally, a non-free rotation D = (n, g0; (k1, n− k1), . . . , (k2r, n− k2r)) is
realized by N = ((D′); ; (g0, 0)). 
Remark 3.8. It is important to note that given an action D, there could exist
two distinct necklaces N1 and N2 such that DN1 = D = DN2 . For example,
consider the action D = (5, 1; (1, 5), (2, 5), (2, 5)) on S2. This can be realized by the
necklace N1 = ((D′); ; (1, 0)), where D′ = (5, 0; (1, 5), (2, 5), (2, 5)). Alternatively,
DN2 = D, for N2 = ((D1, D2, D
′); ((1, 3)); ), where D1 = (5, 0; (1, 5), (1, 5), (3, 5)),
and D2 = (5, 0; (2, 5), (4, 5), (4, 5)).
An immediate consequence of Proposition 3.7 is the following corollary.
Corollary 3.9. Let D a cyclic action for order n on Sg such that D = DN for
some necklace N , as in Definition 3.5 with g′′ = 0.
(i) If g′ = 0, then there is a maximal reduction system C for D such that
|C| = g −
k∑
i=1
g(Di) + k − 1.
(ii) If g′ 6= 0, then there is a maximal reduction system C for D such that
|C| = g −
k∑
i=1
g(Di) + k − 1 + n(2g
′ − 1).
4. Structures realizing compatibilities
In this section, we classify the structures that realize the individual components
and compatibilities that constitute a necklace, as described in Definition 3.5. We
begin by describing the structures that realize spherical Type 1 actions, which form
the beads of the necklace.
4.1. Spherical Type 1 actions. In this subsection, we show that the structure
PD (described in Lemma 2.4) that realizes a Type 1 action D is unique.
Proposition 4.1. If D is a spherical Type 1 action, then Fix(〈D〉) = {PD} is a
singleton.
Proof. First consider the case when ni = 2 for some i. Then D can be realized as
a rotation of the regular hyperbolic n-gon PD (as in Lemma 2.4), with all interior
angles equals to 2π/n2. It follows from basic hyperbolic trigonometry that such a
hyperbolic polygon is unique, which proves the result for this case.
When n1, n2 6= 2, PD is a semi-regular hyperbolic 2n-gon with side length
ℓ, and alternate interior angles of measure 2π/n1 and 2π/n2, respectively. Let
{P0, . . . , P2n−1} be the vertices of PD and O denotes the fixed point at the center,
as shown in Figure 3 below.
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Pi Pi+1
Pi+2
O
Figure 3. The polygon PD for a C7-action on S3.
As the rotation of PD by θD is an isometry, it follows that |OPi| = |OPi+2|, for
all i. Hence, the hyperbolic SSS congruence implies that the triangles PiOPi+1 are
mutually congruent to each other, with ∠PiOPi+1 = π/n, ∠OPiPi+1 = 2π/n1, and
∠OPi+1Pi = 2π/n2. Thus PD is uniquely determined, and the assertion follows. 
Remark 4.2. Let D be a reducible action on Sg, and let C be a maximal reduction
system for D. By extending C to a pants decomposition P of Sg, we see that
dim(Fix(〈D〉)) ≥ 2|C| > 0. Conversely, suppose that dim(Fix(〈D〉)) > 0, we can
reverse the above argument to show that D is reducible.
The following corollary is immediate from Proposition 4.1 and Remark 4.2.
Corollary 4.3. A spherical Type 1 action D is irreducible.
We could provide an alternative approach to the proof of Proposition 4.1 by under-
standing the action induced by D in Teich(Sg), which we will denote by D#. We
illustrate this idea using the following example.
Example 4.4. Consider the spherical Type 1 C14-action D on S3 realized as the
rotation of the regular hyperbolic 14-gon by 2π/14 radians, as shown in Figure 5
below. The two separating curves c1 = abca
−1b−1c−1 and c2 = defd
−1e−1f−1
g b
a
cf
e d
d e
a
gb
fc
R1
2pi
14
R2
R3
Figure 4. An order 14 action on S3.
(marked in red and blue resp.) cut the surface into three disjoint components
marked by the regions R1, R2 and R3. It is apparent that the nonseparating curves
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c3 = ab, c4 = de, c5 = g
−1abc, and c6 = ga
−1b−1c−1 (marked in pink, brown, green
and orange resp.) together with s1, s2 form a pants decomposition P of S3. Since
D3(c1) = c2, D
3(c3) = c4, and D
6(c5) = c6,
we can associate Fenchel-Nielsen coordinates (ℓi, θi) to each ci ∈ P , and conclude
that D# has a description as follows:
D3#((ℓi, θi)) = (ℓi+1, θi+1), for i = 1, 3, and
D6#((ℓj , θj)) = (ℓj+1, θj+1), for j = 5.(4.1)
It is now apparent that both D# and D
2
# (which is induced by an irreducible Type
1 action of order 7) are not permutations of the coordinates of Teich(Sg). While
Equation 4.1 does not readily imply that D has a unique fixed point, it is possible
to conclude the same by considering the action of 〈D〉 on other curves in the regions
Ri (for example, g
−1abga−1b−1 ⊂ R2).
Remark 4.5. The argument in Example 4.4 can be generalized to a polygon of
type PD, which realizes an spherical Type 1 action D. In particular, for any such
action D of order n one can find a pants decomposition P consisting of 3g−3 curves
γ1, . . . , γ3g−3 such that for each γi (1 ≤ i ≤ 3g − 4) there exist γj (1 ≤ j ≤ 3g − 3)
and 1 < kij < n with D
kij (γi) = γj. However, for the sake of brevity, we abstain
from giving the details here.
Moreover, for a spherical Type 1 action to induce a permutation on Teich(Sg),
there must exist a nonseparating curve c ∈ Sg whose orbit under D determines a
multicurve of size n (i.e D has a permutation component). However, it is apparent
from the irreducibility of D that such an orbit cannot exist, which we formally state
as the concluding result of this subsection.
Corollary 4.6. Let D be a spherical Type 1 action on Sg. Then D# is not a
permutation of the coordinates of Teich(Sg).
4.2. Compatibilities of type LD1, D2, (r, s) M and JD, (r, s) K. Consider an ir-
reducible Type 1 action D on Sg, and a D-orbit of size k. Removing k mutually
disjoint cyclically permuted (by the action of D) discs around the points in this
orbit, we obtain a homeomorphic copy of Sg,k with a homeomorphism Dˆ induced by
D, which cyclically permutes the components of ∂Sg,k. Note that Teich(Sg) can be
viewed as a subspace of Teich(Sg,k) in the following manner. The Fenchel-Nielsen
coordinates of an arbitrary structure ξ ∈ Teich(Sg) are given by ξ =
∏3g−3
i (ℓi, θi),
where the pair (ℓi, θi) denote the length and twist parameters contributed by the
i-th curve of a pants decomposition P of Sg where i = 1, . . . 3g−3. P can always be
extended to a pants decomposition Pˆ of Sg,k where the first 3g − 3 non-boundary
curves of Pˆ belong to P . As there are 3g − 3 + k non-boundary curves in Pˆ , an
arbitrary ξˆ ∈ Teich(Sg,k) can be decomposed as
ξˆ =
3g−3+k∏
i
(ℓi, θi)×
k∏
j=1
ℓbj ,
where ℓbj denotes the length parameter of the j-th boundary component (for
j = 1, . . . , k) of Sg,k.
In light of the above decomposition of ξˆ, two natural questions that arise are:
“Does there exist an endomorphism Dˆ# : Teich(Sg,k) → Teich(Sg,k) such that
Dˆ#|Teich(Sg) = D#? Moreover, is Dˆ#|Teich(Sg,k)\Teich(Sg) a permutation?” We will
show shortly that these questions do not always have positive answers. Consider
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the decomposition Teich(Sg,k) ≈ TNB × Rk+, where
TNB = {
3g−3+k∏
i
(ℓi, θi)} and R
k
+ ≈ {
k∏
j=1
ℓbj}.
The action of D implies that Dˆ#, if it exists, should preserve the above decom-
position of Teich(Sg,k), and furthermore, Dˆ#
(∏k
j=1 ℓbj
)
=
∏k
j=1 ℓbσk(j) where
σk = (12 . . . k). The following result shows that Dˆ# is completely determined by
D# if, and only if, k is a proper divisor of n.
Theorem 4.7. Let D be a spherical Type 1 action on Sg of order n with a D-
orbit of size k. Then D# never extends to an endomorphism of Teich(Sg,k), which
induces an order n permutation of the coordinates of Teich(Sg,k) \ Teich(Sg). In
particular, the extended action Dˆ# is completely determined by D# if, and only if,
k is a proper divisor of n.
Proof. As D is an spherical Type 1 action, we may assume (see Example 4.4) that
there exists a pants decomposition P of Sg with s separating curves α1, . . . , αs
and r non-separating curves β1, . . . , βr such that for each 1 ≤ i ≤ s − 1, there
exist 1 ≤ j ≤ s (j 6= i) and 1 < Mij < n with D
Mij (αi) = αj . Similarly, for
each 1 ≤ i ≤ r − 1, there exist 1 ≤ j ≤ r (j 6= i) and 1 < Nij < n such that
DNij (βi) = βj . Without loss of generality, we may assume that D
N1,r (β1) = βr.
In order that D# extends to an endormorphism of Teich(Sg,k), P should extend
to a pants decomposition Pˆ of Sg,k as in the discussion above, with k new non-
boundary curves γ1, . . . , γk and k boundary curves γ
′
1, . . . , γ
′
k such that Dˆ(γ
′
i) =
γ′i+1, for each i. We may assume that γ1 is a nonseparating curve isotopic to βr
in Sg, and thus Dˆ
M (γ1) = β1 (since D
M (γ1) = β1), and the isotopy class of β1
remain unaltered in Sg,k, as illustrated in Figure 5 below. In the case when k = n,
it is apparent that the curve
∑
i γ
′
i ∈ H1(Sg,k) (indicated by the dotted curve in
the polygon, and the curve γ2 in the bounded surface in Figure 5 below) is left
invariant by the action of D.
β1
γ1
βr
γ2 γ3
γ4
γ′1
γ′2
γ′3
γ′4
∑
γ′i
Figure 5. Extension of a pants decomposition of Sg.
Hence, D has to induce an order n rotation of the component S′ of Sg \ γ2 home-
omorphic to S0,k+1, which cyclically permutes its k boundary components γ
′
i and
fixes the k + 1-th boundary component, namely, γ2. This obviates the possibility
of such an extension in this case, as D|S′ can never induce an order k permuation
of the γi.
Furthermore, it is clear from the structure PD that when k is a proper divisor
of n, then γ2 cannot be left invariant by the action of D. Consequently, the action
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of Dˆ on the γi is completely determined by the action of D on P , and hence the
result follows. 
Remark 4.8. Let (X, ξ) be a closed hyperbolic surface with an isometryD of finite
order. Let Bp(r) denote the closed disc of radius r centered at any point p ∈ X.
Here, r is bounded above by the injectivity radius rξ(p) at p. If D(p) = p and
D(Bp(r)) = Bp(r) such that D|Bp(r) becomes a rotation about p, then r ≤ rM ,
where rM = supp∈X rξ(p). Note that this is a consequence of the derivative of D at
p being a rotation about the origin in TpX , and the fact that the exponential map
is a radial isometry.
The following result describes the structures that realize compatibilities of type
LD1, D2, (r, s) M.
Corollary 4.9. Let D = LD1, D2, (r, s) M, where the Di are spherical Type 1 ac-
tions.
(i) If (r, s) 6= (0, 0), then
Fix(〈D〉) ≈ {[PD1 ]} × {[PD2 ]} × (0, ℓ(D)]× R,
where ℓ(D) is a positive constant determined by D.
(ii) If (r, s) = (0, 0), then
Fix(〈D〉) ≈ {[PD1 ]} × {[PD2 ]} ×
3∏
j=1
((0, ℓj(D)]× R) ,
where for each j, ℓj(D) is a positive constant determined by D.
Proof. We will only prove (i), as (ii) will follow from a similar argument. By
Theorem 4.7, it is apparent that the action induced by the Di on Sgi,k is com-
pletely determined by the action of Di on the Sgi . So any structure that realizes
LD1, D2, (r, s) M as an isometry, is uniquely determined by the structures PDi , and
one additional length and twist parameter contributed by the isometric boundary
components (cyclically permuted by the Di) of Sgi,k.
Let ℓ denote the length of each boundary component of Sgi,k. It remains to
show that ℓ ≤ ℓ(D), where ℓ(D) is a positive constant determined by D. To see
this, consider the unique hyperbolic surface (Xi, ξih) (for i = 1, 2) realizing Di
as an isometry. For each i, let {pij}1≤j≤k ⊂ Xi be the points in a distinguished
compatible Di-orbit of size k. Let Bij(ri) := Bpij (ri) denote mutually disjoint
cyclically permuted disks under Di. Since D
k
i (Bij(ri)) = Bij(ri), it follows from
Remark 4.8 that ri ≤ rMi . Thus the circumference cij of each Bij(ri) satisfies
cij = 2π sinh(ri) ≤ 2π sinh(rMi) = Li (say).
Let L = min(L1, L2), and rD = min(rM1 , rM2). Removing {Bij(r)}1≤j≤k (where
r ≤ rD and the circumference c(r) of Bij(r) satifies c(r) ≤ L) from each Xi, and
gluing the surfaces Xi \ ∪jBpij (r) along their boundary components, we obtain a
diffeomorphic copy X of Sg1+g2+k−1 with a Cn action D, and a reduction system C
consisting of k nonseparating curves. Moreover, X admits a canonical Riemannian
metric ξ realizing D as an isometry with each curve of C having length c(r). By the
uniformization theorem, there is a unique hyperbolic metric ξh = e
fξ on X , also
realizing D as an isometry, where f = f(ξ1, ξ2) is a smooth real valued function on
X . The result (i) now follows from the observation that under ξh, each curve of C
has length ℓh = ℓh(c(r), f) ≤ ℓ(D) where ℓ(D) = ℓ(L, f) is a unique constant (as
L, f are uniquely determined by D). 
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Considering the similarities between the compatibilities JD′, (r, s) K and
LD1, D2, (r, s) M, it is quite evident that the structures that realize JD
′, (r, s) K should
also arise analogously, and so we have the following.
Corollary 4.10. Let D = JD′, (r, s) K be an action of order n on Sg. Then,
Fix(〈D〉) ≈ Fix(〈D′〉) × (0, ℓ(D′)]× R,
where ℓ(D′) is a positive constant determined by D′.
4.3. Compatibilities of type JD, g0 K and JD, g0 K. Let D be an action of order
n on Sg. As we saw earlier, an action of type JD, g0 K is realized by pasting a
permutation component (that cyclically permutes n isometric copies of Sg0,1) to
the action D. As we saw earlier, the action JD, g0 K can also be realized iteratively
from g0 compatibilities of type JD, 1 K. Besides, the arguments in Theorem 4.7
would imply that each copy of S1,1 (that is attached in a JD, 1 K type construction)
contributes 2 additional length parameters, and 1 twist parameter. Furthermore,
following the arguments in Corollary 4.9, we can show that one of the length param-
eters (contributed by ∂(S1,1,) is bounded by a positive constant that is determined
uniquely by the action on which the permutation component is pasted. Hence,
when the compatibility JD, g0 K is completed, a total of 3g0 − 1 length and twist
parameters would have been added to the dimension of Fix(〈D〉), and so we have
the following result.
Corollary 4.11. Let D be a cyclic action of order n on Sg. Suppose that the
actions JD, g0 K and JD, g1 K are well defined, for some g0, g1 ≥ 1. Then
(i) Fix(〈JD, g0 K〉) ≈ Fix(〈D〉)×
g0∏
i=1
((0, ℓ0i (D)]×R)×
2g0−1∏
i=1
(R+ ×R), where each
ℓ0i (D) is a positive constant determined by the action JD, g0 K.
(ii) Fix(〈JD, g1 K〉) ≈ Fix(〈D〉)/
(
g1∏
i=1
((0, ℓ1i (D)]× R)×
2g1−1∏
i=1
(R+ × R)
)
, where each
ℓ1i (D) is a positive constant determined by the action JD, g1 K.
5. Structures that realize arbitrary actions
In this section, we will piece together the structures detailed in the Section 4
(that realize various kinds of compatibilities) to describe the structures that will
realize arbitrary cyclic actions. Recalling that for an arbitrary cyclic action D,
there exists a necklace
(*) N = ((D1, . . . , Dk); ((x1, y1), . . . , (xm, ym)); (g
′, g′′))
as in Definition 3.5, such that DN = D (see Proposition 3.7), we will now state the
main result in this paper.
Theorem 5.1 (Main Theorem). Let D be a cyclic action of order n on Sg, and
let N be a necklace as in (∗) such that DN = D. Then Fix(〈D〉) ≈M1/M2, where
M1 =
k∏
i=1
{PDi} ×
g′+k+2f(TN )+m−2∏
i=1
((0, ℓ′i(D)]× R)×
2g′−1∏
i=1
(R+ × R)
and
M2 =
g′′∏
i=1
((0, ℓ′′i (D)]× R)×
2g′′−1∏
i=1
(R+ × R),
where the ℓ′j(D) and ℓ
′′
j (D) are positive constants determined by D. Consequently,
dim(Fix(〈D〉) = 6(g′ − g′′) + 2k + 4f(TN ) + 2m− 2.
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The proof of this theorem is a direct consequence of Theorem 4.7 and Corollaries
4.9, 4.10 and 4.11. In classical parlance, Fix(〈D〉) is also known as the branched
locus of D. An immediate consequence of Theorem 5.1, is the following result due
to Harvey [12, 17].
Corollary 5.2. Let D be a cyclic action of order n on Sg such that OD has c cone
points. Then
dim(Fix(〈D〉)) = 6g0(D) + 2c− 6.
Proof. This follows directly from Theorem 5.1 by observing that g0(DN ) = g
′ −
g′′ +m and the number of cone points in ODN = k + 2f(TN )− 2m+ 2. 
Example 5.3. For the necklace structure realizing the action D in Example 3.4,
we see that k = 6, m = 4, f(TN ) = 1, and (g
′, g”) = (0, 3). Consequently, applying
Theorem 5.1, we have Fix(〈D〉) ≈M1/M2, where
M1 =
(
10∏
i=1
(0, ℓ′i(D)]
)
× R10 and M2 =
(
3∏
i=1
(0, ℓ′′i (D)]× R
)
× R5+ × R
5,
and so we have dim(Fix(〈D〉)) = 20− 16 = 4.
Corollary 5.2 leads us to the following result due to Gilman [10] that characterizes
irreducible cyclic actions.
Corollary 5.4. A cyclic action D on Sg is irreducible if, and only if g0(D) = 0
and OD is an orbifold with three cone points.
Proof. Consider an action D on Sg of the form D = (n, 0; (c1, n1), (c2, n2), (c3, n3)),
and let N be any necklace with k beads such that DN = D. It follows from
Corollary 5.2 that dim(Fix(〈D〉)) = 0. Therefore, by Remark 4.2, we conclude that
D is irreducible.
Conversely, suppose that D is irreducible. Then g0(D) = 0, as otherwise,
D would have a nontrivial permutation component. By Remark 4.2, it follows
dim(Fix(〈D〉)) = 0, and so Corollary 5.2 would imply that OD has exactly 3 cone
points, and the assertion follows. 
Let C be a maximal reduction system for a reducible actionD on Sg. The concluding
result of this section, which is a direct consequence of Theorem 5.1, shows that the
difference between the number of orbits induced by D on C and Sg \C depends only
on g0(D).
Corollary 5.5. Let C be a maximal reduction system for a reducible action D of
order n on Sg. Suppose that ℓ and k are the number of distinct orbits induced by
D on C and Sg \ C, respectively. Then
ℓ = 3g0(D)− 3 + r and k = 2g0(D)− 2 + r.
It is quite apparent that the numbers ℓ and k in Corollary 5.5 are precisely the
number of curves and the number of pants, respectively, in a pants decomposition
of the surface of genus g0(D) with r punctures.
6. Relation between cyclic actions and filling systems
A collection Ω = {γ1, . . . , γs} of simple closed curves on Sg is called a filling of
size s if Sg \ Ω is a disjoint union of k topological disks, for some k ≥ 1. A filling
Ω of Sg is called minimal, if k = 1. It was shown in [24] that a filling Ω of Sg
of size s corresponds to a 4-regular fat graph of genus g with s standard cycles
and b boundary components for some b ≥ 1. We call such a graph a filling graph
of genus g with b boundary components, and when b = 1 it is called a minimal
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filling graph. As an automorphism h of a fat graph of genus g yields a cyclic action
Dh on Sg [22], a natural question is whether one can classify the cyclic actions on
Sg, which corresponds to automorphisms of some filling graph of genus g. To this
effect, we establish the following result.
Theorem 6.1. Let Γ be a filling graph of genus g ≥ 1, and let h ∈ Aut(Γ) be of
order n. Then Dh ∈ Mod(Sg) is irreducible if, and only if, (g, n) = (1, 4).
In order to prove Theorem 6.1, we need the following technical lemmas. The first
result is a direct application of Corollary 5.4 and the Riemann-Hurwitz equation.
Lemma 6.2. Let H = 〈h〉 be an irreducible Cn-action on Sg. Then we have,
2g + 1 ≤ n ≤ 4g + 2.
Lemma 6.3. Let Γ be a minimal filling graph of genus 2, and let h ∈ Aut(Γ) be of
order n. Then n divides 4.
Proof. It follows from the work of Sanki [24] that there exist unique minimal filling
graphs Γ1 and Γ2 corresponding to minimal fillings of sizes 3 and 4, respectively.
Moreover, it was shown that ∂Γ1 = e1e
−1
2 e3e
−1
6 e
−1
3 e4e
−1
1 e2e
−1
5 e6e5e
−1
4 and ∂Γ2 =
f1f3f5f
−1
6 f
−1
5 f
−1
2 f
−1
1 f2f4f6f
−1
4 f
−1
3 . It is easy to see that Aut(Γ1)
∼= Z2, where
the generator corresponds to the hyperelliptic involution on S2, and Aut(Γ2) ∼= Z4,
whose generator corresponds to the action D = (4, 0; (1, 2), (1, 2), (1, 4)(3, 4)) on
S2. 
Lemma 6.4. Let g ≥ 2 and let D be an irreducible Cn-action on Sg.
(i) If n = 4g − 2, then (g, n) = (2, 6).
(ii) If n = 4(2g − 1)/3, then (g, n) = (5, 12) or (8, 20).
Proof. Let h be of order n = (4g−2). ThenD is of form (n, 0; (c1, n1), (c2, n2), (c3, n)).
By the Riemann-Hurwitz equation, we have 1n1 +
1
n2
= 12 , which implies that,
(n1, n2) = (4, 4) or (3, 6). It now follows from the hypothesis of (i) that (g, n) =
(2, 6). The argument for (ii) is similar. 
Lemma 6.5. Let g ≥ 2 and let D be an irreducible Cn-action on Sg. Suppose that
D can be realized by an automorphism of some minimal filling graph of genus g.
Then (g, n) /∈ {(5, 12), (8, 20)}.
Proof. When (g, n) = (5, 12), it is apparent thatD must have the form (12, 0; (c1, 6),
(c2, 12), (c3, 12)). Let D be realized by an automorphism of some minimal filling
graph Γ. Let V (Γ) denote the vertex set of Γ. Then |V (Γ)| = 9, and the action
partitions V (Γ) into k disjoint orbits of sizes t1, . . . , tk. By the given condition,
k = 2 and 9 = t1 + t2 = 12/6 + 12/12 = 3, which is a contradiction. A similar
argument works for the case when (g, n) = (8, 20). 
We will first establish Theorem 6.1 for the case when Γ is a minimal filling graph.
Proposition 6.6. Let Γ be a minimal filling graph of genus g ≥ 1, and let h ∈
Aut(Γ) be of order n. Then Dh ∈ Mod(Sg) is irreducible if, and only if, (g, n) =
(1, 4).
Proof. By hypothesis, D can be realized as an automorphism of a minimal filling
graph of genus g, which implies that h can be described as a rotation of a (8g− 4)-
gon with appropriate side-pairing, and so we have n | (8g − 4). The case g = 1
readily follows by a direct application of the Riemann-Hurwitz equation.
Suppose that g ≥ 2 and 3 | (2g − 1). Then Lemma 6.2 implies that n ∈
{(4g − 2), 4(2g − 1)/3}. Similarly, if g ≥ 2 and 3 ∤ (2g − 1), then n = (4g − 2).
The result now follows from Lemmas 6.3, 6.4, and 6.5. 
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We are now ready to prove Theorem 6.1.
Proof (of Theorem 6.1). Suppose that Γ has b boundary components. The case
when b = 1 follows from Proposition 6.6. When b ≥ 2, a simple Euler characteristic
argument shows that Γ has v = 2g − 2 + b vertices, and so n | 4(2g − 2 + b). Since
the b boundary components correspond to an orbit of size n/b under Dh, it implies
that b ≤ n/2 ≤ (4g + 2)/2 = 2g + 1.
If n = 4(2g − 2 + b)/k, then applying n ≥ 2g + 1 ≥ b, we get 2 ≤ k ≤ 8.
Consequently, we have n = 4v/k, for 2 ≤ k ≤ 8, where v = 2g − 2 + b. As
Dh is irreducible, it has the form (n, 0; (c1, n1), (c2, n2), (c3, n3)), which implies
b = n/ni, for some i. Further, we observe that n/ni + n/nj ≤ 5n/6, for i 6= j.
For k = 4 (resp. 8), we have v = n (resp. 2n), which is impossible. For k = 2, we
have v = n/2, which implies n/ni + n/nj = n/2 for some i 6= j, which yields two
solutions (ni, nj) = (4, 4) or (3, 6). The case (ni, nj) = (3, 6) implies that b = 1,
which is a contradiction. So, the only possibility that survives is (ni, nj) = (4, 4),
which implies that (g, n) = (1, 4). By a similar argument we can eliminate the
possibilities k = 3, 6, and 7.
Finally, it remains to examine the case when k = 5, that is, v = 5n/4. In this
case, we have n/ni + n/nj = n/4, for some i 6= j, whose solutions are (ni, nj) =
(5, 20), (6, 12) or (8, 8). Since b ≥ 2, the only feasible solution is (ni, nj) = (8, 8),
which gives b = 4 and g = 2. But this is impossible as 5 ∤ 2g−2+b, which completes
the proof. 
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